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1 (a) ez = ex cos y + iex sin y. Let u(x, y) = ex cos y and v(x, y) = ex sin y. Then we have

ux = ex cos y , uy = −ex sin y

vx = ex sin y , vy = ex cos y

Since ux, uy, vx and vy are continuous and ux = vy, uy = −vx for any x, y ∈ R, ez is

differentiable for all z ∈ C.

(b) i. |ez| =
√
u2 + v2 =

√
e2x(cos2 y + sin2 y) = ex

ii. Since ez = exeiy, we have arg(z) = y + 2nπ, where n ∈ Z.

iii. Since |ez| = ex > 0, we have ez 6= 0.

iv. Write zj = xj + iyj , where j = 1, 2. Then we have

ez1ez2 =ex1+x2(cos y1 + i sin y1)(cos y2 + i sin y2)

=ex1+x2 [(cos y1 cos y2 − sin y1 sin y2) + i(sin y1 cos y2 + sin y2 cos y1)]

=ex1+x2(cos(y1 + y2) + i sin(y1 + y2))

=ez1+z2

v. By 1)a), ez is differentiable for all z ∈ C. Furthermore, we have

d

dz
ez = ux + ivx = ex cos y + iex sin y = ez

vi. Note that e2πi = e0(cos(2π) + i sin(2π)) = 1. By 1)b) iv), ez+2πi = eze2πi = ez.

2 (a) The Euler formula says that eiθ = cos θ + i sin θ for any θ ∈ R. This implies

eix + e−ix

2
=

cosx+ i sinx+ cosx− i sinx

2
= cosx

and
eix − e−ix

2i
=

cosx+ i sinx− cosx+ i sinx

2i
= sinx

(b) i. By Chain rule,

d

dz
sin z =

d

dz

eiz − e−iz

2i
=
ieiz + ie−iz

2i
= cos z

d

dz
cos z =

d

dz

eiz + e−iz

2
=
ieiz − ie−iz

2
= − sin z

ii. sin(−z) =
e−iz − eiz

2i
= − sin z, cos(−z) =

e−iz + eiz

2i
= cos z.

iii. R.H.S. = cos z + i sin z =
eiz + e−iz

2
+
eiz − e−iz

2
= eiz = L.H.S.
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iv. By 1)b)iv), we have

ei(z1+z2) = eiz1eiz2

This implies

cos(z1 + z2) + i sin(z1 + z2) = (cos z1 cos z2 − sin z1 sin z2) + i(sin z1 cos z2 + sin z2 cos z1)

By comparing the real part and imaginary part on both sides, we get the desired formulas.

v.

sin2 z + cos2 z =(
eiz − e−iz

2i
)2 + (

eiz + e−iz

2
)2

=
e2iz − 2 + e−2iz

−4
+
e2iz + 2 + e−2iz

4

=1

vi.

sin z = sin(x+ iy)

=
eix−y − e−ix+y

2i

=
e−y cosx+ e−yi sinx− ey cosx+ eyi sinx

2i

= sinx(
ey + e−y

2
) + i cosx(

ey − e−y

2
)

= sinx cosh y + i cosx sinh y

cos z = cos(x+ iy)

=
eix−y + e−ix+y

2

=
e−y cosx+ e−yi sinx+ ey cosx− eyi sinx

2

= cosx(
ey − e−y

2
)− i sinx(

ey + e−y

2
)

= cosx cosh y − i sinx sinh y

vii. By 2)b)vi),

| sin z|2 = sin2 x cosh2 y + cos2 x sinh2 y

= sin2 x cosh2 y + (1− sin2 x) sinh2 y

= sin2 x(cosh2 y − sinh2 y) + sinh2 y

= sin2 x+ sinh2 y

| cos z|2 = cos2 x cosh2 y + sin2 x sinh2 y

= cos2 x cosh2 y + (1− cos2 x) sinh2 y

= cos2 x(cosh2 y − sinh2 y) + sinh2 y

= cos2 x+ sinh2 y
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(c) No. For example, | sin(i log(3))| = | cos(i log(3))| =
√

sinh(log 3) =

√
3− 1/3

2
> 1.

(d) By 2)b)vi),

sin z = 0 ⇐⇒ | sin z|2 = 0

⇐⇒ sin2 x+ sinh2 y = 0

⇐⇒ sin2 x = 0 and sinh2 y = 0

⇐⇒ x = nπ and e2y = 1

⇐⇒ x = nπ and y = 0, where n ∈ Z

⇐⇒ z = nπ, where n ∈ Z

Similarly, we have

cos z = 0 ⇐⇒ | cos z|2 = 0

⇐⇒ cos2 x = 0 and sinh2 y = 0

⇐⇒ z = (n+
1

2
)π, where n ∈ Z

3 (a) By Chain rule,

d

dz
cosh z =

d

dz

ez + e−z

2
=
ez − e−z

2
= sinh z

d

dz
sinh z =

d

dz

ez − e−z

2
=
ez + e−z

2
= cosh z

(b) sinh iz =
eiz − e−iz

2
= i

eiz − e−iz

2i
= i sin z, cosh iz =

eiz + e−iz

2
= cos z.

sin iz =
e−z − ez

2i
= i

ez − e−z

2
= i sinh z , cos iz =

e−z + ez

2
= cosh z

(c) sinh(−z) =
e−z − ez

2
= − sinh z, cosh(−z) =

e−z + ez

2
= cosh z

(d) cosh2 z − sinh2 z = (
ez + e−z

2
)2 − (

ez − e−z

2
)2 =

e2z + 2 + e−2z

4
− e2z − 2 + e−2z

4
= 1

(e) By 2)b)iv) and 3)b), c), we have

sinh(z1 + z2) =− sinh(i(i(z1 + z2)))

=− i sin(i(z1 + z2))

=− i(sin iz1 cos iz2 + cos iz1 sin iz2)

= sinh z1 cosh z2 + cosh z1 sinh z2

Similarly,

cosh(z1 + z2) = cosh(i(i(z1 + z2)))

= cos(i(z1 + z2))

= cos iz1 cos iz2 + cos iz1 cos iz2

= cosh z1 cosh z2 + cosh z1 cosh z2
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(f) By 2)b)iv) and 3)b), c), we have

sinh z =− sinh(i(iz))

=− i sin(iz)

=− i sin(−y + ix)

=− i(sin(−y) coshx+ i cos(−y) sinhx)

= sinhx cos y + i coshx sin y

Similarly,

cosh z = cosh(i(iz))

= cos(iz)

= cos(−y + ix)

= coshx cos(y) + i sinhx sin(y)

(g)

| sinh z|2 = sinh2 x cos2 y + cosh2 x sin2 y

= sinh2 x(1− sin2 y) + cosh2 x sin2 y

= sinh2 x+ (cosh2 x− sinh2 x) sin2 y

= sinh2 x+ sin2 y

| cosh z|2 = cosh2 x cos2 y + sinh2 x sin2 y

= cosh2 x cos2 y + sinh2 x(1− cos2 y)

= sinh2 x+ cos2 y(cosh2 x− sinh2 x)

= sinh2 x+ cos2 y

4


